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Abstract. Consider a quantum particle trapped between a curved 
layer of constant width built over a complete, non-compact, 
smooth surface embedded in R'^. We assume that the surface is 
asymptotically flat in the sense that the second fundamental form 
vanishes at infinity, and that the surface is not totally geodesic. 
This geometric setting is known as a quantum layer. We consider 
the quantum particle to be governed by the Dirichlet Laplacian 
as Hamiltonian. Our work concerns the existence of bound states 
with energy beneath the essential spectrum, which is mathemat- 
ically equivalent to the existence of discrete spectrum. We first 
prove that if the Gauss curvature is integrable, and the surface is 
weakly K-parabolic, then the discrete spectrum is non-empty. This 
result implies that if the total Gauss curvature is non-positive, 
then the discrete spectrum is non-empty. We next prove that if 
the Gauss curvature is non-negative, then the discrete spectrum is 
non-empty. Finally, we prove that if the surface is parabolic, then 
the discrete spectrum is non-empty if the layer is sufficiently thin. 



1. Introduction 

Mesoscopic physics describes length scales from one atom to microm- 
eters. At these scales, the behavior of particles is no longer described 
by classical physics: quantum effects are observed. Numerous phenom- 
ena such as quantum dots and wells occur at the scale of mesoscopic 
physics, and all nanotechnology is on the mesoscopic scale. 

Consider, for example, electrons trapped between two semi-conducting 
materials, or more generally, quantum particles trapped between hard 
walls. Mathematically, such situations are described using a quantum 
layer. 

Let p : — )■ be an embedded surface in M^. We will always make 
the following assumptions on E. 

1.0.1. Hypotheses. 

(1) is a smooth surface; 

(2) E is orientable, complete, but non-compact; 

(3) E is not totally geodesic; 
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(4) S is asymptotically flat in the sense that the second funda- 
mental form, denoted B throughout this work, tends to zero at 
infinity. 

A quantum layer over S is an oriented differentiable manifold Q = 
E X [—a, a] for some (small) positive number a. Let N be the unit 
normal vector of in M^. Define 

by 

p{x,t) = p{x) + tN^. 

If a is small, then p is clearly an immersion. The Riemannian metric 
ds^ is defined as the pull-back of the Euclidean metric via p. The 
Riemannian manifold (f2, ds^ is called the quantum layer. Physically, 
the quantum particles are trapped between two copies of the same 
semi- conducting material Z" at a uniform distance of 2a apart, where 
a is of mesoscopic scale. A natural question is: 

Does there exist a geometric condition on S which guar- 
antees the existence of bound states with energy beneath 
the essential spectrum? 

Let us formulate this precisely. Let A = be the Laplacian with 
respect to the Riemannian metric dsf^ , and assume the Dirichlet bound- 
ary condition. Since f2 is a smooth, complete manifold with boundary, 
the Dirichlet Laplacian is the Friedrichs extension of the Laplacian 
acting on C^{Q) and is self-adjoint. The spectrum of the Dirichlet 
Laplacian consists of two parts: discrete, isolated eigenvalues of finite 
multiplicity and essential spectrum. We distinguish the eigenvalues 
which are disjoint from the essential spectrum and refer to these as 
the discrete spectrum, since there may also be embedded eigenvalues 
within the essential spectrum. Physically, the quantum particles are 
governed by the Dirichlet Laplacian as Hamiltonian, and eigenvalues 
correspond to the Dirichlet energy of bound states. Therefore: 

The existence of discrete spectrum is equivalent to the 
existence of bound states in the physical model whose 
energy is beneath the essential spectrum. 

Let K be the Gauss curvature of E throughout this paper. Our work 
is motivated by the following conjecture. 

Conjecture 1. Under the preceding assumptions fll.O.lj) on S, if 
(1.1) j \K\dE < +00, 
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then there exists an a = a(^) such that for all a G (0, a), the discrete 
spectrum of the quantum layer over E of width 2a is non-empty. 

Remark 1.1. By a theorem of Huber [5], if ( II. ip is valid, then E is 
conformal to a compact Riemann surface with finitely many points 
removed. Moreover, White [12] proved that if 



(1.2) J K~dE < +00, 

where 

_ f K>0 

^ ~ \ K < 

then 

luldE < +00. 



Thus (II. ip can be weakened to (II. 2p . 

Conjecture [H was proven under the condition 

(1.3) / KdE < 



through the work of Duclos, Exner and Krejciffk [3] and Carron, Exner, 
and Krejcirik [2]. Moreover, [2] also proved that Conjecture [T] holds if 
the gradient of the mean curvature is locally square integrable, and the 
total mean curvature is infinite. 

Our work focuses on the remaining case: 



KdE > 0. 

By the theorem of Huber [5] , there exists a compact Riemann surface 
E and finitely many points Pi, - ■ ■ ,Ps such that 

E = E\{pi, ■ ■ ■ ,ps}. 

In particular, E has finitely many ends, Ei {1 < i < s). By a theorem 
of Hartman [H Theorem 6.1, 7.1], we have 



;i.4) I^KdE = 2n(^x{S)-J2x}j 



where x{^) is the Euler characteristic number of E, and Aj are the 
isoperimetric constants at each end Ei defined by 

Xi = hm . 

The existence of these limits follows from the integrability of the Gauss 
curvature ( II. ip . 
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We also have 



X{S) < x{S) -s = 2- 2g{E) - s < 2. 



This together with fll.4p imphes that x(^) = ^"^^ hence the surface 
is differomorphic to M^. Consequently, 



Although the topology of the surface is completely known, this is the 
only remaining case in which the conjecture has not yet been proven. 
We recall the main results of [2l|3]. 

Theorem 1.1 (Duclos, Exner and Krejcirik). Let E be a C"^ -smooth 
complete simply connected non-compact surface with a pole embedded 
in R^. Let the layer Q = E x [—a, a] built over the surface be not self- 
intersecting. If the surface is not a plane, but it is asymptotically flat, 
then if a satisfies condition fll.6p below, each of the following implies 
Conjecture [21 

(1) The Gauss curvature satisfies (11. ip and { \1.3\i : 

(2) E is smooth, and a is sufficiently small; 

(3) E is smooth, the Gauss curvature is integrable, the gradient 
of the mean curvature VgH is L^ integrable, and the total mean 
curvature is infinite; 

(4) the Gauss curvature is integrable and E is cylindrically sym- 
metric. 

In [2], Carron, Exner and Krejcink proved that the conjecture holds 
under more general conditions. They no longer required the surface to 
have a pole, and they also proved Conjecture 1 under the additional as- 
sumptions that the gradient of the mean curvature is square integrable 
and the total mean curvature is infinite. 

Theorem 1.2 (Carron, Exner and Krejcirik). Let E be a complete 
asymptotically flat, noncompact connected surface of class embedded 
in and such that the Gauss curvature satisfies (II. ip . Let the layer 
Q of width 2a be defined so that Q does not overlap, and a satisfies 
condition (II. 6p below. Then, any of the following imply Conjecture [II 

(1) The Gauss curvature satisfies (II. 3p .- 

(2) a is small enough, and the gradient of the mean curvature VgH 
is locally L^ integrable; 

(3) the gradient of the mean curvature VgH is L^ integrable, and 
the total mean curvature is infinite; 

(4) E contains a cylindrically symmetric end with a positive total 
Gauss curvature. 



(1.5) 
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The general method used in both [2],[3] is: first compute the infimum 
of the essential spectrum, next construct appropriate test functions, 
and finally apply the variational principle to prove that if one of the 
conditions is satisfied, then there must be an eigenvalue strictly less 
than the essential spectrum. The pole and symmetry assumption (4) 
were necessary in [3] because their test functions are radially symmet- 
ric. 

The first main result of the present paper generalizes [2l|3] by demon- 
strating that Conjecture [T] holds if the surface is weakly K-parabolic. 
(We refer to §[3] for the definition of weak K-parabolicity.) 

Theorem 1.3. Let E be a complete surface in M.^ which satisfies the 
hypotheses fll.O.ip . and assume that E is weakly K-parabolic. Then, 
there exists a > 0, depending only on the supremum of the norm of 
the second fundamental form, such that for all a G (0, a), the discrete 
spectrum of the quantum layer over E of width 2a is non-empty. 

Although the proof of Theorem 11.31 is based on the same princi- 
ples used in [2l|3], our theorem not only generalizes their results, but 
also shows that their argument fits nicely into the notion of weak k- 
parabolicity, which provides a geometric abstraction of their argument. 

The class of layers considered in [2113] was already quite broad, but 
not exhaustive. For example, a question raised in [3] which remained 
unanswered in [2] is: 

Question 1.1. Does Conjecture U\ also hold for thick layer^ built over 
surfaces of strictly positive total Gauss curvature without assuming 
cylindrical symmetry or square-integrability of the gradient of the mean 
curvature ? 

The first author and C. Lin proved in [H Theorem 1.1] that Conjec- 
tured] holds when E can be represented as the graph of a convex func- 
tion satisfying certain conditions. Our next theorem generalizes [H] and 
gives an affirmative answer to the above question under the additional 
assumption that the Gauss curvature is everywhere non-negative. 

Theorem 1.4. Let E be a complete surface in M.^ which satisfies the 
hypotheses fll.O.ip . Assume that the Gauss curvature of E is non- 
negative and satisfies (11.11) . Then for all a such that 

(1.6) ae{0,B-'), 5oo:=sup||S(p)||, 

pes 

^So-called "thick layers" are those whose thickness satisfies (|1.6p and is not oth- 
erwise restricted. 
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the discrete spectrum of the quantum layer over E of width 2a is non- 
empty. 

Remark 1.2. The condition (11. 6p is merely a technicality to ensure that 
Q is immersed in and is slightly weaker than the non-overlapping 
assumption made in [2l[3]. 

The proof of Theorem 11.41 is more subtle. Test functions similar 
to those used in [2l|3] rely on the weak K-parabolicity of the surfaces, 
but a surface with non-negative Gauss curvature will not be weakly 
K-parabolic. The main idea is to work on annuli, rather than on disks. 
In general, the integration of the mean curvature outside a compact set 
may be quite small since the surface is asymptotically flat. But using 
a result of White [I2] , we actually know that the total mean curvature 
is at least of linear growth. This estimate plays a crucial role in the 
proof. 

In fact, our final main result is more general than Conjecture [H Any 
surface whose Gauss curvature is integrable must be parabolic (see §3 
for the definition), yet not all parabolic surfaces have integrable Gauss 
curvature, as demonstrated in §5. 

Theorem 1.5. Let S be a complete, parabolic surface in which 
satisfies the hypotheses (ll.O.ip . Then, there exists a > such that the 
discrete spectrum of the quantum layer over E of width 2a is non-empty 
for all a G (0, a). 

This note is organized as follows. In section § [21 we recall the varia- 
tional principles for the essential spectrum and the ground state, and 
we determine the infimum of the essential spectrum. In § [3l we intro- 
duce the notion of K-parabolicity and prove Theorem II. 3[ The proof 
of Theorem 11.41 comprises § |H We conclude in § [5] with the proof of 
Theorem 11.51 and a discussion of further generalizations. 



2. Variational principles and the infimum of the essential 

spectrum 

It is well known that 

(2.1) (To = mf 

fecs°m j^f^dVt 

is the infimum of the Laplacian. 

For a compact set C 17, we shall use the notation 

feC^{E\E) 
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to denote a function / G C^{E) whose support lies in E \ E. The 
infinimum of the essential spectrum is 

2.2 ae.. = sup inf ' ' 

K f&cg°{n\K) J^f^dn 

where K runs over all compact subsets of Q. Since Q = E x [—a, a], 
it is not hard to see that 

(2.3) aess = sup mf , 

where K runs over all compact subsets of S. 

It follows that o"o < i^ess- Moreover, we have the following well-known 
result. 

Proposition 2.1. // ctq < CTess? then the discrete spectrum is non- 
empty. 

□ 

Let (xi, X2) be a local coordinate system of S. Then (xi, ^2, t) defines 
a local coordinate system of VL. Such a local coordinate system is called 
a Fermi coordinate system. Let X3 = t, and let ds^i = Gijdxidxj. Then 
we have 

r (p + tiV),^(p + tiV),.^. l<z,i<2; 

(2.4) Gij = \ i = 3, or j = 3, but i 7^ j; 

I 1 ^ = J = 3. 

We will demonstrate below that the infimum of the essential spec- 
trum is equal to the spectral threshold of the planar quantum layer of 
width 2a, namely, ir'^/Aa^. 

We make the following definitions. For a smooth function / on Q, 
let 

|2jo " / /2, 



(2.5) Q(/,/)= / \Vfm-— / f'dn; 

(2.6) Qi(/,/)= / |V7l'c?f^; 

(2.7) Q,{f, f) = 1^ (%) [ fdQ, 
where 



dt J 4a2 
9/ df 



n 



is the square of the norm of the horizontal differential. 
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Obviously, we have 

Q{fJ) = Qi{fJ) + Q2{fJ), 

and 

Clearly, we have 

Let ds'^jj = Qijdxidxj be the Riemannian metric of S with respect 
to the coordinates {xi,X2). We shall compare the matrices {Gij)i<i,j<2 
and {gij) outside a big compact set of E. By (12 .4^ . we have 

(2.8) G,, = g^j + tp^^N,^ + tp^^N,^ + fN^^N,^ , 

where we note that gij = PiPj. 
Using ( 12. Sp . we have 

(2.9) det(Gij) = det(^ij)(l - Ht + nt^). 

The mean curvature H is defined here to he the trace of 
the second fundamental form. 

We assume that at the point x, local coordinates (xi,X2) are chosen 
such that gij = 6ij. We have the estimate 

(2.10) \Gij - 6,,\ < a\\B\\, 

where B is the second fundamental form of the surface E. Based on 
these calculations, we have the following. 

Proposition 2.2. Let E he an emhedded surface in which satisfies 
hypotheses (11.0. ip . Then, for any a which satisfies (II. 6p . the quantum 
layer f2 = x [—a, a] is an immersed suhmanifold ofR^. Moreover, 
for any e > 0, there is a compact set K of E such that on E \ K we 
have 

(2.11) (l-5)f^" ^'']<(^'' ^A<{l+e)(^^' 

\g2i g22 ) ~ \G2\ G22) ~ \g2i g22 J 

In particular, we have 

(2.12) (1 - efdEdt < dVt < {I + efdEdt. 

On the other hand, there exists a = a{E,e) > such that for all 
a G (0,0;), the ahove inequalities hold at any point of E. 
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Proof. It follows from (12. 9 p and (I2.10p that Q is an immersed sub- 
manifold whenever a satisfies (II. 6p . By (I2.10p and the assumption that 
S is asymptotically fiat, for any e > 0, there exists a compact subset 
K G S such that (12. lip holds on S \K. Since vanishes at in- 
finity, both H and k, also vanish at infinity. Therefore, (I2.12p follows 
from (12. 9p . Finally, for a fixed e > 0, we may choose a compact subset 
K C S such that both (^AT\i and (|2^ hold on r\ i^, and since K is 
compact, by (12. 9 p and (I2.10p . we may choose a sufiiciently small such 
that fim]) and (EH hold also on K. □ 

The following technical lemma shall be used throughout the remain- 
ing sections. 

Lemma 2.1. For a surface E which satisfies (11.0. ip and (II. ip . let j 
be a smooth function on E, and let 



X{t) = cos 



2^) 



Then there exist universal constants Ci and C2 which depend only on 
Boo (the supremum of the norm of the second fundamental form) such 
that 

Q{jXt,JXt)<C,a [ fdE + C2a^ [ |Vjfrfr. 
Proof. It is a straightforward exercise to compute: 
Xitfdt = a 



a 



Xitft'dt = \ ^ > , 



2 4 ,^ 0^(120 - 207r2 + TT^ 



12 

(x'(t))¥cit^^2°^^-^20 + .^) 



207r2 

X'{t)x{t)tdt = -a, 



(2.13) / x'{t)x{trdt 



a3(6-7r2) 



7r2 
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By (12. 9p . (12. 8p . and since j is independent of t, there is a constant Co 
which depends only on such that 

Qi{jXt,JXt) <Co [ [ I Vjf + Ht + Kt^)dEdt. 

J -a J E 

Since x^t^ is an even function 

Qi{3Xt,JXt) <Co [ [ |Vjf + Kt^)dEdt. 

J -a J E 

Therefore, by the above calculations 

Qiijxt.jxt) < 

Let 

'vr^-e 0^(120 - 207r2 + 7r^ 



Next, we have 

Q2{jXt,JXt) =11 {{X'ft^ + + 2xx't) (1 + i^t + Kt')fdEdt. 

J~a J E 

Since (x')^^^ + + '^XX't is an even function, we have 

Q2{jXt,JXt) =11 {{x:?^ + + 2xx'0 (1 + ^^t^)fdEdt. 

J~a J E 

By the above calculations and the definition of Q2, we compute 
Q2i3Xt,3Xt) = a [ fdE + " 7 / 

Letting 

tvl •- J- H -Doo, 

since Q = Qi + Q25 we have 

QUxt,JXt)<Cia [ j^dE + C^a^ [ \Vj\'dU. 

J E J E 

□ 

Based on the preceding results and the variational principle, we are 
able to determine (Jess- The following lemma is originally due to 
but we include a short proof for completeness. 
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Lemma 2.2. Let S be an embedded surface in which satisfies the hy- 
potheses f ll.O.ip ■ and assume the Gauss curvature satisfies fll.ip . Then, 
for any quantum layer Q built over E of width 2a > 0, where a satis- 
fies (USD, 

71^ 



Proof. We first prove that 

Let e > be given, and let K he a compact set of E as in Proposi- 
tion [521 Let K G Q he defined as 



K = Kx [-a, a] 
For / e C^{n \K),hj Proposition [221 



/ / f^dtdU, 



'n \ / JE J~a 

where the last inequality follows from the 1-dimensional Poincare in- 
equality. By Proposition 12.21 again, we have 

which by the variational principle for (Jess implies 

, il-e? TT^ 



Letting e — )■ completes the proof of the first inequality. 

To complete the proof of the lemma, we demonstrate the estimate 

(2.14) ae.. < ^. 

Since the Gauss curvature tends to zero, it is well known (see [1]) that 
the infimum of the essential spectrum of S is zero. Therefore, for 
any compact set K and any £ > 0, there exists a smooth function 
^ e C^{E\K) such that 

[ \Aip\'^dS<e I ip'^dE. 

JE JE 

It follows that 

\V^\^dS = -j ifAifdE < ^ j if^dE-^ j {AipydE < Ve j '/dS. 



IE 
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Using Proposition \2.2\ for sufficiently large K, we have 

\V(p\'^dn <2{1 + e)a j \V^\^di: <2e{l + e)a j (p'^dE. 



As in Lemma 12.11 we let 

x{t) = cos(7rt/2a) 

and consider the function ipx on ^- Thus by fl2.13p and (12.91) . since 
and (xO^ even functions, we have 

Q2i^X,^x) = jydS £ (^ix'it)f - ^XW') dt 

+ j^KdE £ ((,x'it)f - ^XW') dt. 
By fl2J[3|) we have 

(2.15) Q2{ipx,^x) = a ip^ndU, 

and hence 

Q{(PX,^X) <'^ae{l + e) / (p^dE + a / Lp'^ndE. 

Je Je 

By Proposition 12.21 and (II. ip . there exists an ei sufficiently small 
such that 

/ {<p>x)'^dQ>2{l-ei)a / <^'^dE, 
Jn Je 

and 

/ (p'^KdE <ei if^dE. 
J E Je 

By the variational principle for aess and the definition of Q, we have 

_ ^ ^ Qivx.^x) ^ 2e{l+e)+ei 
Aa^ - J^i^X^dn - 2(1-8,) 

This proves the lemma. □ 

3. K-PARABOLICITY 

We refer to [7] for the following definition and basic properties of 
parabolic manifolds. 

Definition 3.1. A complete manifold is parabolic if it does not admit 
a positive Green's function. Otherwise it is non-parabolic. 

We ffist establish the following well-known resuh. 
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Proposition 3.1. Assume that n G L^{E). Then there exists a positive 
constant ci such that the volume growth of E satisfies 



Jb[r) 

Proof. By the results of Huber [5] and Hartman [3], E has only 
finitely many ends, {Ei}^^-^ and at each end, 



By the above proposition, a surface whose Gauss curvature k G 
is a parabolic manifold (cf. [7]). 

The definition of parabolicity is equivalent to: the capacity of any 
ball of radius R is zero. That is, for any positive R and e, there exists 
a smooth function (p which satisfies 



For the rest of the paper, we shall repeatedly use the above equiva- 
lent capacity definition of parabolicity. 

Parallel to the above, we make the following definition of weak k- 
parabolicity. 

Definition 3.2. The n-capacity of a subset E G E is defined to be the 
infimum of 



where (p is a smooth function on E with compact support, and (p = 1 
in a neighborhood of E. 

We say E is weakly K-parabolic, if either E is a minimal surface, 
or there exists p & E such that H{p) ^ 0, and the n-capacity of a 
neighborhood of p is non-positive. 

Proof of Theorem 11.31 If is a minimal surface, then k < 0. 
Consequently the total Gauss curvature is nonpositive, and the theorem 
follows from the results in [2l|3] . 





exists. This proves the proposition. 



□ 



if G C^{E)- 
ip = lon B{R); 
< ^ < 1; 
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By Lemma 12.21 and the variational principles, it suffices to prove 

for the remaining cases. 

Let p & S he a. point such that H{p) ^ 0. We assume that there is a 
constant ei > such that \H{p)\ > ei on the ball of radius 6 centered 
at p, which is denoted Bp{6), with 6 a fixed positive constant. For any 
£2 > 0, by the definition of weakly K-parabolic (and choosing 6 > 
smaller if necessary), there exists a smooth function ip with compact 
support such that ip = 1 on Bp{S), and 

(3.1) / + Kip^)dE <e2. 

Let j be a smooth function such that the support of j is contained 
in Bp{6), and 



HjdE 



> £3 > 



for some positive constant £3 > 0. For a suitable choice of orientation, 
we may assume that 

HjdS > £3 > 0. 



By (12:T5|) . we have 

By Proposition 12. 2[ for any £4 > 0, there exists a = a{e4) > such 
that for all a G (0, a), 

Qi{ipX,^x)= [ \VipW'dn<{l+e,)a [ iVifl'dE. 
Jn Je 

Since Q = Q1 + Q2, and since the inequality fl3.ll) is strict, using fl2.15p . 
we can choose £4 sufficiently small and a corresponding a such that 

Q{^X,^x)< / {a{l + eijlWifl"^ + aKcp"^) dE < ae2. 

Since j assumes values in [0, 1] and depends only on the choice of 5 
which is fixed, by Lemma 12.11 there is a constant ci such that 

QUx{t)t,Jx{t)t) <cia. 

The support of j is contained in {y? = 1}, so by (12.61) we have 

Qi{^xit),jxm = o. 
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By (12 .op . and since ip = 1 on the support of j, we have 
We compute that 

(3.2) ,'W„WO'-|lx^W«^-£s,„(^)-gcos(^) 

is an odd function, and thus 

Q2{Mt),jxm = ~J^Hjdu- J\x'mxm' - ^x'mtdt. 

But 

(3.3) j\x{t){xm' - ^2x\mtdt = - f x'mmt = | 

by a straightforward computation. Therefore, 

(3.4) Q{Mt),JXm = -^j^HjdE. 

Let e > 0. Using all the above estimates, we have 

Qi^xit) + ejxit)t, ipxit) + eixif)t) < - ae^e + Ciae^. 

Since £2 can be made arbitrary small, and 53 > is fixed, for a 
suitable choice of e, we have 

Qi^xit) + ejxm ipxit) + ejxm < 0, 

for all a G (0,a), for a chosen sufficiently small. The conjecture 
then follows from the definition of Q, the variational principle and 
Lemma 12. 2[ 

□ 

The following sufficient condition for K-parabolicity implies that The- 
orem 11.31 is indeed a generalization of both [2l[3] . 

Lemma 3.1. Let E be a complete surface such that 

K\dE < 00, 
and 

(3.5) j KdS < 0. 
Then E is weakly K-paraholic. 
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Proof. First, if the mean curvature H = on E, then is a 
minimal surface, and there is nothing to prove. So, we assume there 
exists some p & E such that H{p) ^ 0. Since k is integrable, E is 
parabohc. That is, for any ball B{R) of radius R centered at p, there 
exists a smooth function < (f < 1 with compact support such that 
ip = 1 on B{R) and 

\Vip\'^dE < e, 

E 

On the other hand, by the integrability of k, for sufficiently large i?. 



Kip dE < e, / 1^1^17 < £, 

'E\B{R) Je\B{R) 

and therefore, by the assumption (13.51) . 

KLf^dE < 2e. 

It follows that for any £ > and R sufficiently large, there exists a 
function (/? G C^(Z') such that (/? = 1 on B{R), and 

/ {\Vif\^ + nif^)dE <3e. 
Je 

This estimate proves the lemma. □ 

Remark 3.1. There are many examples of surfaces which are weakly k 
parabolic but whose total Gauss curvature is positive. For example, 
any E such that 

/ 1^(^7)1 dE < oo, and / K{E)dE < —eq < 0, 
Je Je 

is parabolic. Therefore, choosing R > sufficiently large, there exists 
a function ip such that 

ip e C^iE); 

= 1 on B{R); 
0<<p<l; 



£o 
4 ' 



and 



J \Vp^\^dE< 

If 1 

K{E)dE < --Bo, / K{E)ip^dE < --eq. 

B{R) 2 Jb{R) 4 



In this case, 



j (|V(/?|^ + K(/?^)rfi:<o. 
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It follows that the surface is weakly k parabolic. Now, since (p is 
compactly supported, there exists R' > such that the support of (p is 
contained in B{R'). Then, it is always possible to change E outside of 
B{R') such that the volume growth is of order R (for example, we can 
attach a cylinder dB{R) x to the compact manifold B{R)) , which 
by Hartman's result implies that for the new Z", 

/ K{E')dE' = 27r > 0. 

Since 

E\B{R') ^ I]'\B{R'), 

E' is still weakly n parabolic, however the total Gauss curvature is 
positive. 

4. Proof of Theorem 11.41 
We proceed as in the proof of Theorem 11.31 by demonstrating that 

By Proposition 12.11 this implies that the discrete spectrum is non- 
empty. 

First, if the Gauss curvature is identically zero, then by Theorem 
2], the discrete spectrum is non-empty. 

Henceforth, we shall assume that there is at least one point of E at 
which the Gauss curvature is positive. Then, by a theorem of Sackst- 
eder [TTl Theorem (*), page 610], with suitable choice of orientation, we 
can assume that the principle curvatures of E are always nonnegative. 

By fll.51) . it follows from the results of White [12] (Theorem 1, p. 318), 
that there exists an eo > such that for i? 0, 

/ ll^ll>^^o, 

JdB{R) 

where B is the second fundamental form of E. Since the principle 
curvatures are nonnegative, we have 

H > \\B\\. 

Thus we have 

(4.1) [ H dE > eo{R2 - Ri) 

Jb{R2)\B{Ri) 

provided that both Ri and R2 are large enough. 

We follow the same general method of [2l[3|[8]4T0]. The main idea 
is to use the above estimate together with test functions supported in 
annuli whose radii tend to infinity. 
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Let G C^{E \B(^)) be a smooth function such that 

5 

supp((^) C Bi-R); 

if = Ion B(2R)\B(R); 

(4-2) ^1 

< (/? < 1; 



where ei — ?■ as i?, — ?■ oo. The existence of such a function ip is 
guaranteed by the parabohcity of U. 

Let X be defined as in the previous sections. By Proposition \2.2\ 
there is a constant C2 such that 

Hence 

Qii^X, </5x) as i? ^ cx). 

Next, we use the same calculations as in the preceding sections to 
compute 



Since the support of ip is contained in the annulus \ B{R/2), by 

the integrability assumption (11 .ip on k, 

Q2i^X. (px) as R -i- oo. 

Since Q = Qi + Q2, there exists £3 > such that 

Qi^X, VX) < £^3, £3 -> as i? 00. 

Now let's consider a smooth function j on S with < j < 1, such 
that 

3 e [b{^-R) \ B{-^R) 

,19 17 , 

j^lon B{-R)\B{-R)- 

|Vj| <2. 

We consider the function jxit)t. By Lemma [2Tn the integrability of k, 
and since |Vj| < 2, there is an absolute constant Ci such that 



Qijxit)t,jxm <cia I fdU. 

s 
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Next, let's consider Q{^xif) ^ jxif)^) ■ Since the support of j is con- 
tained in {(^ = 1}, by (S, Qi(<^xW, JX(i)t) = 0. 
The same computation as in (13 ■4p shows that 

Let e > 0. By our preceding calculations 

g(v9x(t) + £jxit)t, ipxit) + ejx{t)t) 



(4.3) < £3 - ea / HjdS + e'cia / fdE. 

J E J E 

By (14. ip and the definition of j, there is an independent constant c'^ 
such that 

Q{^xit) + ejx{t)t, ^xit) + £jx(^)i) < ^3 - '^eR + e^c^i?^ 

Since £3 — > as i? — t- oo, we may first choose R sufficiently large and 
then choose e > appropriately so that for all a e (0, B^), 

Q{^x{t) + ejxm VX{t) + ejxm < 0- 

It then follows from the definition of Q, the variational principle and 
Lemma 12.21 that 



O"0 < O'ess, 

and therefore the discrete spectrum is non-empty. □ 



5. Proof of Theorem 11.51 and Further Discussions 

The proof of Theorem 11.41 can be generalized to demonstrate Theo- 
rem [T31 which is a stronger result than Conjecture [TJ 

Proof. We first note that if the mean curvature vanishes identically, 
then since — )■ at infinity, in fact 5 = in this case. Therefore, 
K = 0, and the theorem follows from So, we may assume 

J H^dE>0. 

Let i? > be sufficiently large such that 



(5.1) 



/ H^dE > c> 0, 
Jb{r) 
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for some positive constant c. Using the capacity definition of parabol- 
icity, for any ei > 0, there exists a smooth function ip such that 

if = Ion B{2R)- 

< V? < 1; 

|v<^|^dr < si. 



First, we assume the mean curvature H is smooth. Then, define the 
function j so that 

3 e C'o^(^); 

J = H on B{R)- 

J = onE\B{2R); 

HjdS > |; 



fdU < ci; 



E 

|Vjfdr<c2, 



for fixed constants Ci and C2- Since j is supported on {(p = 1}, the 
calculations in the preceding sections show that for any 5 > 0, 

Qi^x + £jxt, + £jxt) 

<ei-ae / HjdE + aae^ / fdE + C2a^e'^ / |Vjfdr 
Je Je Je 

Choosing a sufficiently small, there is a universal constant C3 such that 

Q{<^X + £jxt, VX + ^ixi) <si-ae / HjdE + c^ae^ / fdE. 

Je Je 

By definition of j and (15 .ip . 

Qi'fX + ^jxt, V^X + £^JX^) < £^1 - ae- + csae^ci. 

We may first let ei tend to 0, and then choosing e sufficiently small, it 
follows that 

Qi^X + ^JXt, ^X + ^JXt) < 0. 

Finally, in the general case in which H need not be smooth, we use the 
mollification technique of [6] (see page 6, equation (2.5) and §4) and 



DISCRETE SPECTRUM OF QUANTUM LAYERS 



21 



define 

Haix) := I [ HdE, 

Y0\{Ba{x)) Jb,(cc) 

where Ba{x) is the geodesic ball of radius a about a point x & E. In 
Russian literature, this is known as a "Steklov approximation." Let ja 
be a function defined analogously to the definition of j above, but with 
respect to the function Ha (instead of H). By Lemma [2?n there exists 
a universal constant c such that 

QiUaXt,jaXt) < ca^ I IVjaprfr. 

By a straightforward calculation, 

\VHa\=0{a-^), 

which implies the same estimate for |Vja|- Therefore, by Lemma \2.\\ 
and since Ha converges pointwise to if as a 0, we may apply the 
above argument which shows that for all a sufficiently small, and all e 
sufficiently small, 

Qi.'^X + ejaXt^ ^X + ^jaXt) < 0. 

□ 

Remark 5.1. The preceding result implies Conjecture [1] and is in fact 
a stronger result, because not all parabolic surfaces have integrable 
Gauss curvature. For example, let / G C°°(R) satisfy: 

(1) f[r)dr = 0{T^)- 

(2) /ri/"(r)Mr = oo. 

Let = with polar coordinates (r, 9), and let the Riemannian metric 
oji E he g = dr"^ + f{r)'^d6^. Then the volume growth is quadratic, 
and hence {E,g) is parabolic (see [7|), but by (2) above, the Gauss 
curvature is not integrable. 

5.L Further Discussions. In §7 of [3], they construct a layer whose 
discrete spectrum is empty, but this example is not asymptotically pla- 
nar. In both our work and , in some cases we are able to prove the 
existence of discrete spectrum for "thick layers," meaning those whose 
thickness satisfies (11. 6p and is not further restricted: Theorem II. 4j 
TheoremO(l), (3), (4); Theorem O (1), (3), (4). However, for the 
remaining cases, we must assume the layer is sufficiently thin to prove 
the existence of discrete spectrum. It would be interesting to investi- 
gate whether Theorem 11.51 holds for all "thick layers" over parabolic 
surfaces S satisfying (11.0. ip . or whether one may construct a layer of 
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width 2a for a satisfying (11 .Gp over a parabolic surface which satis- 
fies (ll.O.ip . such that the discrete spectrum of the layer is empty. The 
results of [2l[3] and Theorem 11.31 indicate that we expect the following 
conjecture holds. 

Conjecture 2. Let E he a surface which satisfies fll.O.ip . and assume 
the Gauss curvature satisfies (11.11) . Then, there exists a = a{B^) > 
depending only on the supremum of the norm of the second fundamental 
form such that for all a e (0, a), the discrete spectrum of the quantum 
layer of width 2a over E is non-empty. 

Although we are unable to completely prove the above conjecture, 
the following results imply the conjecture holds under certain geometric 
assumptions. 

Theorem 5.1. Let E he a complete surface in ^ which satisfies the 
hypotheses (ll.O.ip . and assume that the Gauss curvature of E satis- 
fies (II. ip . The following is sufficient to imply Conjecture [B' 

(5.2) 3^0 > such thatMR > 0, 3j e C^{E \ B{R)) with 

[ HjdE) >sj {\Vj\^+f)dE. 

Proof. As noted previously, we may assume 

KdE > 0. 



E 



Since E is parabolic, for any R > sufficiently large there exists a 
smooth function ip G C^{B{R') \B{R)) such that 

^ = 1 on B{R'/2)\B{2R); 
j \Vv\^dE<e,- 
< < 1; 

Kip^dE < El, 



(5.3) 



E 



where R' is a sufficiently large number. It follows from the arguments 
in the proof of Theorem 11.41 that 

Qi.VX.VX) < i^i. £3 as oo. 
We choose R' large enough such that 

supp {3)^B{R!I2)\B{2R). 
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Without loss of generality, we assume that 

HjdE > 0. 



Then using the same method as in the proof of Theorem ll.4[ letting 
e > 0, we have 

<e^-ae I HjdE + cie^a / (j^ + |Vjf )dr 

for some constant Ci which is independent of R. Since £3 — )■ as 
i? — cxD, we first choose R sufficiently large to make £3 sufficiently 
small. Then, using fl5.2l) . for all sufficiently small e > 0, 

Q{^X + e3X{t% ^X + ^JX(i)i) < 0. 

This implies that the discrete spectrum of the layer 1] = x [—a, a] is 
non-empty, for any a which satisfies (11.61) . 

□ 

Based on the above theorem, we make the following purely Riemann- 
ian geometric conjecture. 

Conjecture 3. Let E he a complete surface in which satisfies the 
hypotheses (11. 0.11) . and assume that the Gauss curvature k of E satis- 
fies (II. ip . // the total Gauss curvature is positive 

K > 0, 

then (15.21) holds. 

Remark 5.2. By the results of [2l[3], Conjecture [3] together with Theo- 
rem [SH] would imply Conjecture [21 

Remark 5.3. It is straightforward to verify that conditions (3) and (4) 
in Theorem 11.21 are each implied by (15. 2p . For example, to prove that 
(3) implies (15.21) . j is replaced by jH, and (15. 2p follows from a direct 
calculation. Assuming (4), (15. 2p foUws from either [31 Lemma 6.1] or 
[21 page 783]. 



The following proposition uses the result of White [12] to demon- 
strate a weaker version of the inequality of (15.21) . 

Proposition 5.1. Assume that E is a complete surface in which 
satisfies the hypotheses (ll.O.ip . and that the Gauss curvature k, satisfies 



K\dE < 00, / ndE > 0. 

E J E 
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Then for any R > there exists a positive constant Eq and a function 
3 G C^{E \B{R)) which satisfies 

(5.4) 



/ j\H\dE] >ej (|Vjf 
Je / Je 

Proof. By the result [12l Theorem 1, p. 318], for sufficiently large 



\\B\\ > ci > 



idB{R) 

for some constant Ci. 

By the parabolicity of E and Proposition 13. 11 we can find a function 
j whose support is contained in B{^R) \ B{^R), with 

J ^1 on B{^^R)\B{^^Ry, 

y 
' E 

where Ci is a positive constant independent of R. Hence we have 

\B\\jdE > C2R 

Je 

for some constant €2- 

On the other hand, since k is integrable, for sufficiently large R, we 
have 



(5.5) ljVj\'dS<l, 

fdE < ciR^ 



j\/\K\dU — Y y i*^^ ■ Y J ji^dS < e^R, 

for some small positive constant £3 when R is large. 

Since \H\ > \ \B\ \ — a/2|k|, the above inequalities show that 

/ j\H\dE> / \\B\\jdE- / j^/2mdE>{c2-V2e3)R. 
Je Je Je 

Therefore, there exists e > such that for sufficiently large R, 

i\H\dE > sR. 



E 



Finally, by definition of j, for sufficiently large i?, 

^(IVjf +f)rfr<2cii?l 
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Therefore, there exists a constant eo > such that for all R suffi- 
ciently large, 



Remark 5.4. Note that the estimate (15.41) is weaker than (15.21) . be- 
cause the integration is j\H\ rather than jH. Although we are unable 
with our present methods to prove Conjecture [3], the proposition sup- 
ports the conjecture since it shows that if the mean curvature has fixed 
sign off some compact set, then Conjecture [3] holds. However, by our 
methods, we cannot prove the conjecture when the mean curvature 
H continually oscillates between positive and negative all the way to 
infinity; c.f. Example 6 from §6 of [3j. One would need a new and 
different argument to prove Conjecture [3] in such cases. 

Our final theorem below shows that if the surface S satisfies certain 
isoperimetric inequalities, this is sufficient for (15.21) . 

Theorem 5.2. Let E satisfy the hypotheses (ll.O.ip . and assume E 
also satisfies the following. 

(1) The isoperimetric inequality holds. That is, there is a positive 
constant 5i such that if D is a domain in E, we have 



(2) There is another positive constant 82 such that for any compact 
set K (Z E, there is a curve C G E \ K such that if 7 is the 
normal vector of C in E, then there is a vector ff in such 
that 



(3) All such curves C are tamed. That is, let a{t,x) be the geo- 
desic flow of^. Then there exist constants ^3, A such that the 
following hold. 

(3.1) cr(t, x) is defined up to \t\ < 63; 

(3.2) the map C x (— ^3, ^3) E is diffeomorphic onto its image; 

(3.3) the derivatives of a and its inverse are hounded by the fixed 



Then, if the Gauss curvature satisfies (11.11) . (15.21) is valid. 

Proof. To construct the required function j satisfying (15. 2p . we let 
p be a smooth non-increasing cut-off function such that 




□ 



{length{dD)f > 6iArea{D). 



(7, f])>62>0. 



constant A. 
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Let C be the curve outside a compact set K, and let D be the compact 
domain of E such that dD = C. Assume that 7 is the outward norm 
of C in S. 

Define the cut-off function p on as follows 



P 



1 X e D 

p{e~^dist{x,C)) x^D 



where e is a positive number to be determined later. 

Let {x,y,z) be the standard coordinates of M^. Without loss of 
generality, assume the vector ff in the hypotheses of the theorem is the 
2;-direction in three-dimensional Euclidean space. 

Let n be the normal vector of C M'^. Let Uz be the 2;-component 
of n. Define the function j by 



Since Ipn^ 
have 



|V(pn2)| < ||i?||oo + I5 if "we choose e small enough, we 
(|Vjf + f)dE < Ce-^Area{D) 



for e small, where the constant C depends on A. 
On the other hand, since Huz = Az, we have 



HpUzdE 



VzVpdS 



= ((7, Vz) + 0(1)) ■ length{C) > -62 ■ length{C). 

Therefore using the isoperimetric inequality, the conclusion of the the- 
orem holds. 

□ 
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